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Undergraduate physical chemistry students are exposed ttatjualdescriptions of the Stark
effect as a precise means of measuring the electric dipole moment of molec@gs The Stark effect
has also been a popular example for introducing students in quantum mechanics todatoapguii
perturbation theory (6 - 11). pproximate eigenvaluexpressions derived from perturbation theory are
frequently employed by authors ofespiroscopy texts to calaik energy level diagrams and to
understand the details of the splitting and assignments of atomic and moleeatea(42 - 15). These
traditional discussions focus primarily on the effects of an electric field on the energy levels of an atom
or molecule and neglect to disclose the effects of the field on rotationaumatiens, the molecular
motion and molecular orientations.
For many years it has been thought (16,17) that it wasttipal to orient gas phase molecules
with electric fields because their rotational kinetic energigsraximatelykT, are large compared to
the potential barrier due to the interaction energy of a rotating dipole with accedsiibéday fields.
However, using molecular beam techniques, it is possible to cool gas molecules in supersonic

expansions to rotational temperatures of less than 1 K. It has been @&%9) that with such

dramatic cooling, significant molecular orientation is feasible with electric fieldedafary magnitude.



We can anticipate the portance of this technology in future experiments and processes designed to

investigate or exploit the dependence of chemical reaction on the orientation of reactant molecules.
The quantum mechanical description of how the Stark effect influences molecular dipole

orientation is bestinderstood by examining how the quantum prditabfunction of a rotating

molecule, 'y, is altered by an applied electric field. Computer graphics are employed findjeist

to illustrate orientational probabilities obtainkdm variational wavefunctions. These resuli lmetter

enable students to cora¢é the evolution of free rotor eigenstates with harmonidlaisc type

(librator) dates as well as compare classical and quantum descriptionsradudyre osdlator.

Calculations

We wish to consider a linear rigid rotor with a moment of inertia | and electric moment
interacting with a uiorm ekctric field #.  The full three-dimensional description of this problem
requires two spherical polar angles to describe the orientation of the rotorlaboratory frame. The
correponding spherical harmonic wave functions of the rigid rotor in the zerolifietdcan be
correlated with two dimensional librator wavefunctionsaof isotropic sphericapendulum oscillator
in the high-fieldlimit. The lineam-particle rotor is charcterized by a moment of inertia

=Y my/?
Fig 1(a) illustates a diatomic rotatindaut its center of mass. ;m and m track about circular paths
of radii r, and g respectively. Th&particle system is inertially equivalent to the simpler single
particle in a circle Fig 1(b), in which
| =p R

wheregp =m,-m /(M + m)isthe reduced massand R =1 +r isthe bond length.



Rotation Restricted to a Plane

Strong electric fields can trap

a. LINEARFREE ROTOR b. PARTICLE N A CIRCLE
the dipolar molecule as &tark Yy y
pendulum Fig 1(c) which undergoes ™ R \\(pl-t
librator motion analogous to an inertigl m2 X X
pendulum in a gravity field, Fig 1(d).

It greatly simplifies the desired

calculations to restrict the rotation to

¢. 8TARK PENDULUM
plane in which the orientation of thq

d, INERTJAL PENDULUM y
rotor is specified by a single angte 2
(Fig. 1). Moreover, this constraint -X '=:
=
allows students to better relate the " B %
zero-to-high field correlation to their gravity G:nelld

previous experience with one
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dimensional harmonic oscillators. In Figure 1. The 2-particle rotor (a) is inertially equivalent to a
single reduced mass, p, particle in a circle, (b). Strong

electric fields can trap the dipolar molecule as a Stark
pendulum, (c) which undergoes librator motion analogous to

then have the familiar free rotor &" inertial pendulum in a gravity field, (d).
__________________________________________________________________________________|]

the absence of an electric field, we

problem (9) in which the allowed

kinetic energies of the rotor are given as eigenvalues to the zero ordétioHian:

W &
I:IO(I)m:__(I)m((I)) = qu)m(d)) (1)
21 ¢

whereh is Planck's constant divided by.2 The eigenfunctions are simple complex plane waves:



1 .
D (¢) = —— exp(imd (2)
() i (fm)

characterized by a quantum number m = 0, +1., #2vhose sign desgtes the direction of rotation,
and the allowed energy levels are given by the eigenvalyes: Eh%at).
The rotor experiences an orienting torque if its dipole momengictewith a uriorm ekectric
field, . This interaction results in a potential energy, which hinders the rotational motion and if
sufficiently large, can trap the rotor in a bound libratates This interaction is now included in the
Hamiltonian:
h*

H=H,+H,=—— - u& cos() 3)
21 dp?

Since we will be interested in circumstances whérés not small compared witlil, we will now

employ the variational method with @t matrix diagonalization rather than pebation theory to find
the eigenfunctions and eigenvales of this operator. In order to construct the matrix taposseh
eq (3) we shall need integrals of the type:

2n 27
<m|H |m'> - [ @, H®, do - B | @, cos(dp) @, dp
0 Q

(211

- EE [ oxpl-imd) Lexplid) + expl-id)] explim’¢) do

47
0



2n 2n
= ;Lj f explid(-m + 1 + m')1do + ;”f f explid(-m -1 + m/)1dd
0 0

= -u&l2form’'=m=+1; and O form’' =m =1, (4)

The Hamiltonian matrix will then have the elements:

dfhim> = nth¥(21) = n?B (5)
Hiim+1> = |72 (6)

It is convenient to construct this matrix in units of thtional constant B #%(21). The eigenvalues

are obtained by diagonalizing the Hamiltonian ma2i)
E+H'=4Ha (7)

and the wavefunction farach eigenstate is specified in terms of the original orthogonal®asishe

corresponding eigerector,¥ = ®a or

1 .
l|J]- = %:aw-d)m = E %amj exp(im )

L Zamj cos(mod) + ¢ Zam,- sin(md) (8)
2T m 2n m

Now that the wavefunction faach state isnown, we can easily cal@aike the orientationsrobalklity



function:

1

/Zn

Using eq (5) and (6), computer codes are easilgamrio set up the Hailtonian matrixfor a

* 1 2 - 2
O ;am,-ws(m@] - 2asinmd) | (9

given Stark interaction energy. The size of the free rotor basis set amd¢h@fH ® will depend on

the magnitude of the Stark interaction and the desired precision. A basis setnof 813 will provide

1 ppm precision for the five lowest eigenstates with Stark endrglesus < 4B. Standard subroutines

(21) can be employed to diagonali& to obtain the energy eigenvalues and the eigenvectors of the

a, coefficients of eq (8). The,a coefficients for a given j-eige@sare used in adp designed to

sweep through th¢-domain and evalte the positioprobalility at each orientation as prescribed by

eq (9). This procedure can be nestled inside an external loop which systematically increments the Stark

interacton. The calcatedP(¢p) values are then written to disk filkess subsequent plotting.

Results and Discussion
The effect of the Stark field on
J %2
a free rotors energy levels can be segn
(7]
- . . w 2 2
in Fig. (2). At the zero-fieldimit we = +1
; ol ™ =0
observe a pattern withraliar second o _ 1
|
order m-dependence. The two folfl 27 N
degeneracies associated with + 4 T T 2z s
) e (B)
correspond to clockwise anq

Figure 2 . The interaction of a molecular dipole with a uniform
electric field results in a shifting and splitting of the rotors
degenerate energy levels (Stark effect).

counter-clockwise rotations of the

same energy. As the electric field i



turned on we note the m-degeneracy|is

broken and as the field increases, the

lower lying energies began to assunje [

harmonic pendulum odlator a °

(librator) type spacings: 1/2vh3/2 % gl

hv; 5/2 hv---. These lower lying levels & '

are trapped by the interaction of thg 2

rotating dipole moment with the E ®(rad)

applied electric field as is evident for
Figure 3. The lowest lying energy levels are described by a

Stark interaction & = 4B in Fig. (3). near harmonic librator in which the _rotor is- trapped by the
Stark field and undergoes pendulum like motions.

The potential energy for this
______________________________________________________________________|]

interaction is characterized by a

cos(p) dependence on the dipole orierdatieq (3). If we expand this potential in a power series:

g o
#4os(p) = 4+ — ¢F - —¢* - (10
2! 4!

we note that for smad, the potential is harmonic with a torque constant p. The dashed curve

in Fig. (3) allows us to compare this harmonic librator potential with the actual Stark potential. Given
this description, we can antieife that the @rresponding wavefunctions for these lower levels must
began to assume the character of the familiar harmonic oscillatordtiorav/e can also anticipe that

these new wavefunctions will be composed of a mixture of +m hagitions since the trapped rotor

spends half of its time rotating clockwise and the other half of its time rotatimger-clockwise as it



librates about its center of mass. Tlaatlre is evident in the grounidite eigenvector given in Table
1 for V = 4B.

Table 1. V = 4B eigenvector for the u = 0 ground state librator.

0 0.712436
1 0.472288
-1 0.472288
2 0.149888
-2 0.149888
3 0.026214
-3 0.026214
4 0.002833
-4 0.002833
5 0.000206
-5 0.000206
6 0.000011
-6 0.000011

We now wish to examine how the free rotor wavefunctions evolve into nearly harmonic librator
wavefunctions as the electric field is increased. Polar plots of the wavefunctions of the first 5 states are
depicted in Fig(4) for intelaction energies V =4i= 0.0, 2.0 B and 4.0 B. When the@tic field is
off (V = 0.0) the quantum description of the m = 0 grouiadesrotorprovides an exct value of the

angular momentum: L =1m= 0. However all orientations are equaisobable. As the field is



increased, the probﬂlty of the d|p0|e ___________________________________________________________________|

Figure 4. Polar plots of y'y at various Stark fields. The
being oriented in the direction of the zero-field rotor exhibits familiar circular harmonic
wavefunctions and +m degeneracies. The Stark field
laboratory field ¢ = 0.0) is causes an anisotropy in the angular distributions with
maxima consistent with a near harmonic librator.

dramatically increased at the expense
_____________________________________________________________________________|]

of other orientations. This new

distribution characterizes the smajl . o

amplitude zero-point motion of the ) )
ground sate @ = 0) librator. The . . J )
orientational probalility function of C 0
the higher lying V = 4B excited ’ . .

maxima at progressively largerp+

values. The transformations inducegd

in these angular functions by the laboratory field are indipgthsto the orresponding hybridization

of atomic orbitals induced by the fields of a bonding neighboring atom. Although these functions

assume harmonic librator qualities, students may find this feature may be disguised in the polar space.

' plots for the lower lyingtates are compared in both polar and Cartesian space in Fig. 5. It is

evident from Fig. 3 that these energy levels are below the Stark potential barrier. Classically, the

respective rotors behave as librators withning points given by:

¢ = arccos(%) (11)

The classical turning point angles are dégl in Fig. 5 as dashed lines. Since the librator spends most



of its time atdp = +$, these angles

have the maximum classical

- - HR - H -180 =90 © 80 180
orientational probability. It is instructive o(deq)

to note that P¢), the quantum

probability functions, also exhibit

-180 -90 © 90 180
@(deg)

maxima at similap-values.

Since P, ¢) is a function of the

Stark interactin, these functions can

be plotted aswsfaces in the ¢,V) _ . _ . o
Figure 5. The y y function can be viewed in either a polar

space. These plots (Fig. 6) allow us " Car‘FeS|an space. This correlation gIIO\_Ns the student to
recognize the expected near harmonic librator character
which might otherwise be obscured in the less familiar polar
plots. Classical turning points, given in both sets of figures

) ) . as dashed lines, may be compared with y’y maxima.
functions evolve into approximate

observe the free rotor (V = 0.0)

harmonic librator functions as the Stark

field is increased. In the absence of a Stark field the m > 0O levels are two-fold déegerfdrertore

any linear combination of the corresponding eigenfunctions (eq 2) are also solutions to the Schrédinger
equation. In this study, it isavenient to choose Euler combinatiofis:= ¢, + ., and  ¢'. =Y.,

+ ., in order that these functions can be conveniently agélwith the V > 0 eigenstates of Fig. 3

and 5.

The graphics and computational meds described here can provide students witbteeb
understanding of how quantum mechanics describes theteif an electric field on a dipolar rotor.
Moreover, these descriptions suggest (18) that it is possible to ortatibmally cold molecules
produced by supersonic expansions in a molecular beam. These circumstancegowitedly be

exploited to control the orientation of polar moleculelidtog with neutral atoms ononpolar



molecules. In addition, sgtroscopy
and electron diffaction studies might

also be carried out on oriented gds

phase molecules rather than the usyal

random orietations of a static gas.
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